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A parabolic inverse problem with mixed 

boundary data. Stability estimates for the 

unknown boundary and impedance 

V. Bacchellit M. Di Cristoj E. Sincichf S. Vessella§ 

Abstract 



We consider the problem of determining an unaccessible part of the 
^^ ' boundary of a conductor by mean of thermal measurements. We study a 

CN| , problem of corrosion where a Robin type condition is prescribed on the 

damaged part and we prove logarithmic stability estimate. 

■<C ■ 1 Introduction 

+-^ ■ In this paper we consider the problem of determine an inaccessible portion / of 

the boundary of a conductor body fi C K" by mean of thermal measurements, 
performed on an accessible part A of its boundary. In particular we analyze the 
situation in which there might be a corrosion occurring on / and our aim is to 
recover information on this damaged part that can not be directly inspected. 
^ I This leads to a parabolic equation with a Robin type condition on the inac- 

cessible part of 9f2 and a Dirichlet or Neumann condition, according whether 
we prescribe a temperature or a heat flux, on A (see |H[S1[T^). This kinds of 

\r-\ I boundary conditions are known as mixed type. 

J • I Assuming dfl = AU I and Intan(^) H Intgnil) = and denoting by j{x, t) 

^— N . the surface impedance on /, we prescribe a heat flux g on A that induces a 

temperature u in J7 solution to 






' ut^ Au mflx [0,T], 

u{x, 0) = in n, 

Oil 

— ix,t)=g{x,t) onAx[0,r], 

Ou 

+ ^u^0 on/xfO,T], 



where v is the outer unit normal to dfl. 

The inverse problem we are addressing to is to recover information on the 
unknown part / of the boundary and on the impedance coefficient when thermal 
measurements of the form {g,u\-s}, where S C ^, are available. Particularly we 
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are interested in the issue of stability, that is we want to study the continuous 
dependence of the solution / from the boundary data. 

This problem has been considered in the stationary case in [2] with a Dirichlet 
or Neumann condition on the unknown boundary I. The authors show that, 
keeping as minimal as possible the a priori assumptions on the unknowns, the 
solution depends continuously on the boundary measurements with a rate of 
continuity of logarithmic type, which is the best possible as shown in [S]. The 
non stationary analysis has been carried on in [7] (see also }21) for a first study 
of this problem). Also here stability estimates of logarithmic type are provided. 
A refined analysis of the problem has been proposed in [9]. Beside the more 
general framework considered by the authors, precisely they deal with thermal 
conductivity depending on time and space, this article contains a detailed study 
on the optimality of logarithmic rate of continuity in the parabolic case. 

The problem of determine part of the boundary with Robin type condition 
has been considered in [3] where a uniqueness result in the stationary case is 
proved, provided two measurements are performed. In view of the example 
given in [B], the number of measurements turns out to be optimal. Stability 
estimates of logarithmic type has been obtained in [50] . This result is optimal 
as well (see |Sj). Let us finally mention [TH], where a uniqueness result under 
weaker regularity assumptions on the boundary has been obtained. 

In this paper we show that / depends on thermal boundary measurements 
with a rate of continuity of logarithmic type. As in the elliptic case, we perform 
two boundary measurements, precisely we prescribe two different heat fluxes and 
we read the corresponding temperatures on a portion of the accessible part of 
the boundary. The optimality of two measurements is still an unsolved question. 
We also believe that the argument used in [9] to prove exponential instability 
could be applied in the present setting through minor adaptations. 

Main ideas and tools can be outlined as follows. 

i) Evaluating how much the error on measurements can effect the error on 
an auxiliary function A obtained as the ratio of the solutions u and u cor- 
responding to the heat fluxes g and g. Such a control has been obtained 
by combining two arguments. The first relies on smallness propagation 
estimates based on an iterated use of two-sphere and one-cylinder in- 
equality ([10, 22J). The latter is a lower bound for the solution u achieved 
by combining the Harnack inequality up to the inaccessible boundary (see 
Proposition 14.21) with an iterated application of the interior Harnack in- 
equality (18, 17 ). 

ii) A lower bound for A which has been established by the use of quanti- 
tative estimates of unique continuation and a proper choice of the given 
heat fluxes. Precisely we prescribe functions g and g that are linearly 
independent with a quantitative control of such an independence. 

iii) Using i) and ii) we prove a first rough estimate of log-log type for the 
Hausdorff distance between the unknown domains. Employing, then, in 
a more refined way the above mention estimates, in particular using the 
two-sphere one-cylinder inequality at the boundary (see Theorem l3.6l and 
[10l[22]), and a geometric argument, we get the logarithmic estimate. The 
stability for the unknown impedance follows from stability estimates for 



the underlying Cauchy problem and the stability result for the unknown 
boundary. 

For the sake of exposition, we have chosen to study the inverse problem with 
the constant coefficients equation. All proofs, though, can be simply adapted 
to the equation with coefficients depending on time and space with reasonable 
assumptions on them. Indeed, we deal with an auxiliary function A that solves 
an equation with variable coefficients. 

The plan of the paper is the following. The main result is stated in Section 
[21 where we also give notations and definitions. In Section [3] we provide a proof 
of this result based on some auxiliary propositions proved in the subsequent 
Section ID 



2 Main Result 

We begin by giving some notations and definitions. For every x G M", n > 2, 
X = {xi,. . . ,Xn), we set x = (a;',x„), where x' G R"~-^ and Xn G K- We 
denote by B^ix) and B'^{x') respectively the open ball in M" centered at x 
of radius r and the open ball in K"^^ centered at x' of radius r. Sometimes 
we shall write S,- and B'^ instead of 5,(0) and B'^{Q) respectively. For given 
numbers r, i > 0, and a function ip defined on E"^^ x R, we define O^ = {a; G 
U. : dist{x,dfl) > r}, Ql ^ = {(x^s) e Br x {t - r'^,t) : Xn > ^{x')} and 
r*_^ = {{x, s) G S; X (i - ?,t) : Xn = ^{x')}. 

Denoting by D a open subset of R""*"^, for a function / defined on D and 
a G (0, 1], we define 

[/kD=sup(-i^^|-f^^4L : ix,t),iy,s)&D,ix,t)^{y,s) 

If a G (0,2], we set 

< J >a:D= sup <^ \^ _ g\a/2 ' '^' *)' ^2^' S) £ D,t^ S 

Let k he a, positive integer, D an open subset of R"+^, / a sufficiently smooth 
function and a G (0, 1]. We denote by 

\0\+2j=k 

< I >k+c.;D= Y. < ^^^tf >i+";^' 

\fS\+2j=k-l 

where for a multi-index /? — (/3i, . . . , /3„), /3i G NU{0}, i = 1, . . . , n, we have used 

the notation d^d'J = ^^'^Ig, , with |/3| = YJU P^■ ^ « ^ (0, 1] and [fUo 

is finite, we shall say that / belongs to C'^'"(I?). Let fc be a positive integer, 
a G (0, 1] and D an open subset of R"+^, we shall say that / belongs to the 
class C'''°'{D) whenever for every non-negative integer j such that |/3| + 2j < k, 
there exist the derivatives d^d^f and the quantities sup^, \d^dff\, [f]k+a;D and 
< / >k+a:D are finite. If / is a function not depending on t, we keep the 



definition above by considering a function / defined on J7 x R, fl C M", such 
that f{x,t) — f{x) for every (x,i) S fi x R and we shaU say that / S C'''"(ri) 
whenever / S C^'°'{Q. x R). Throughout the paper we will make use of standard 
Sobolev spaces. We refer the reader to [TB] for details. 

Definition 2.1. Let Vt he a domain in M". Given a, a G (0, 1] and k, k ^ N, 
we say that dfl is of class C'^'" with constants ro,L if for any P G d^ there 
exists a rigid transformation of M" under which we have P = and 

Cl n Bro ^ {x e Bra '■ ^n > Vi^')}, 

where (p is a (7*^'" function on _B,'.^ satisfying the following condition (p{0) = 
\Vx'ViO)\ = and ||(/3||cfc.c(B/^j < Ltq. 

Remark 2.1. We have chosen to normalize all norms in such a way that their 
terms are dimensional homogeneous and coincide with the standard definition 
when To = 1. For instance, for any (p G C'^'"{B'^ x {—rQ,rQ)) we set 

k 

1=0 m+2j=i 

Similarly we set 



n + 2 

|w||L2(n)=ro ' 



1/2 

u dxdt ) 

D 



where D is a domain in W^^^ . 



We shall use letters C, Cq, Ci, . . . to denote constants. The value of these 
constants may change from line to line and their dependance will specified ev- 
erywhere they appear. 

Assumptions on the domain. Let ro,M,L be given positive numbers. We 
assume that 17 is a bounded domain in R" such that 

(2.2a) \n\ < Mrll, 

where \ft\ denotes the Lebesgue measure, 

(2.2b) dn = Au7, 

where A and / are open subsets of dH., ^ fl / = 0, and 

(2.2c) dn is of class C^'^ with constants r^, L. 

Also, we denote by S an open portion of dfl so that there exists a point Pq <E T, 
such that 

(2.2d) dnnBro{Po)c^. 

Assumptions on the boundary data. Given positive constants E,^o,^i, 
on the accessible part A of the boundary of ft we shall prescribe two different 
heat fluxes g and g such that 

(2.3a) g,~geC"^\Ax[0,T]), 



(2.3b) SUPP5, SUPP5 C A''" x [0,T], 

where A''° ^ {x e A : dist(a;,/) > ro} , 
(2.3c) A^"-" ^ 0, 



(2.3d) 



llffllco.i(Ax[o,r]), ||5llco.i(Ax[0,T]) <E, 



(2.3e) 3ti > such tha,t g{x,t) ^ g{x,t), for < t <ti, x e A, 



(2.3f) 
where 

and 
(2.3g) 



I 

9 J Ax [a, T] 



> $0 > 0, 



L2(Ax[0,T]) 



-dadt. 



9/Ax[0,T] I^I^^Ax[0,T] 5 



g{x,t) > $iro"i > 0, in A^''" x [0,r]. 



Assumptions on the surface impedance. Given a positive number 7, the 
surface impedance 7 of the unknown boundary / is such that 



(2.4a) 

and 

(2.4b) 



7eC"^'(/x [0,r]), with SUPP7 C / X [0, T] 



<"t{x,t) <7. 



Remark 2.2. By HM Theorem 6.46, page I4IJ, if (E^a]), (E^c]), (P3a|) . (l23b| . 
(j2.4ap are fulfilled, there exists a unique solution u of the problem (|l.ip . u G 
Ci^"(nx [0,T]) sMc/i t/iot 

(2-5) l|w|lci, = (ax[0,T]) ^ ^o||ff||co^i(^x[0,T]), VQ:e(0,l), 

where Cq is a positive constant depending n, $7,7. 

From now on we shah fix an a, a G [1/2, 1). 

We denote by fli, i = 1,2, two bounded domains on M" satisfying (j2.2p such 

that 

dn,^Au7,, Intan,(A)nlntao,(/») = 0, J = l,2, 

where the accessible part A of the boundary is the same for both sets and by 
7i(a;, i), i = 1, 2, the boundary impedance on I^, i = 1, 2, respectively satisfying 
(I^Ti)) . Let also ^2 and ^3 such that < ti < ^2 < ^3 < T. 

In the sequel we shall refer to numbers M, L, $0, 'Si, 7, ?'o/^' ^o/^i' ^^ ^^^ ^ 
priori data. 



Theorem 2.3. For i ^ 1,2, let Ui e C'^-°'{n x [0,T]) he the solution to ([n|) 
when J7 = $7^, 7 = 7i and Zet u^ G C^'"(r2 x [0,T]) he the solution to (jl.ip w/ien 
O = Q.i, J — Ji, g = g- Let (|2.2ap - (l2.4bl) 6e satisfied. Assume for £ > 

ll"l-"2||L=^(Ex[ti.T]) <e, 

(2.6) 

\\ui -U2||L2(Sx[ti,T]) < £, 

where Y. <Z A is an open subset, then 

(2.7) dn^i.n2)<rov{£), 

where rj is a continuous increasing function on [0, +00) satisfying 

(2.8) v{s)<C\\ogs\-P, 

for every < s < 1, with C > and /3 depending on the a priori data only. 
Furthermore, for any t <E (ti, T), 

(2.9) sup \l2{Q,t)-ii{P,t)\<ri{e) , 

where rj is defined as in (|2.8p up to a possible replace of constants C and (3. 
Here d-^ stands for the HausdorfF distance. 

3 Proof of Theorem [231 

We first observe that the solution ui e C^'°'{Qi x [0,T]) of problem (|l.ip with 
boundary data g satisfying ( |2.3gP , is such that 

(3.10) ui{x,t) > 0, inrJi X (o,r]. 
Namely, by contradiction, if 

_min ui{x,t) — ui(x,t) < 0, 

Oix[0,T] 

then, by maximum principle, the point {x,t) belongs to the parabolic boundary. 

If {x,t) G A X (0,T], by Hopf lemma we would have — — {x,t) < 0, that 

contradicts ( |2.3gp . If {x,t) G / x (0,T], again by Hopf lemma we would have 

a 

-r — (x.t) < 0, which contradicts the Robin condition that ui satisfies on / 
ov 
because 

dui ._ -. ,_ -. 

(x,t) = -jui(x,t) > 0. 

Then {x,t) = (x,0), 

_min ui{x,t) = ui(x,0) = 

aix[o,T] 

and we get p.lOp . 

The same is true for U2{x,t). 



By p.lOp we can define, for z = 1, 2, 

(3.11) X,ix,t) = ^^^^-l,inn,x[h,T]. 

By straiglitforward calculation we notice that Xi(x,t) satisfies the problem 
f ^tX^{x,t) = div(wfVA,(x,i)) in n, X [ti,T], 

Xi{x, ti) = in ili, 



(3.12) 



dX 

'^f^i^^t) = Uig{x,t) -u.,g{x,t) on Ax [h.T], 
av 

dX 

u]—^{x,t)=0 on/, x[ti,r]. 



By standard estimates of solutions of parabolic problem [TS], by (j2.3b|) . (|2.3dl) . 
L we have 



(3-13) ll^»llci.°(s:2,x(ti,T)) ^ C', 

where a £ (0,1) and C depends on the a priori data only. 

With the change of variable p. lip we can deal with the new problem p.l2p , 
where we have a homogeneous Neumann condition on /. 

In the next propositions, whose proofs are postponed to Sectional we provide 
stability estimates of unique continuation from Cauchy data when (j2.6p holds 
true, then a lower bound on u, where u is solution to (11.11) and a lower bound 
of the integral of Xi in term of the boundary data. 

The proof of Theorem 12.31 will be obtained from the following sequence of 
propositions. 

We shall denote by G the connected component of ili n ^2 such that A C G. 

Proposition 3.1 (Stability estimates of unique continuation from Cauchy data). 
Let hypothesis of Theorem \2.3\ be satisfied. Then there exists a positive constant 
C depending on the a priori data only such that for i ~ 1,2 

(3.14) f uj{x,t)Xl{x,t)dx<Cr'^rii[e) Vte[ii,T], 

Jni\G 

where 771 is an increasing continuous function on [0, +00) which satisfies 

m{s) <{\og\\og s\r^\ 

for every < s < 1, with /3i > 0. 

Proposition 3.2 (Improved stability estimates). Let hypothesis of Proposition 
\3.1\ be fulfilled. In addition, assume there exist constants L > and ri, < 
fi < ''o such that dG is of Lipschitz class with constant ri and L. Then there 
exists a positive constant C depending on the a priori data only such that 



(3.15) / ui{x,t)Xt{x,t)dx<Cr^r]2{e) Vte[ii,T], 

where 772 is an increasing continuous function on [0, +00) which satisfies 

V2{s)<\l0gs\-^\ 

for every < s < 1, with (32 > 0. 



Proposition 3.3 (Lower bound on u). Let u € C^°'{n x [0, T]) be a solution to 
(jl.ip with boundary data g satisfying (|2.3ap . (j2.3bp . (|2.3dp . ( |2.3gp . Then there 
exists a positive constant cq, < cq < 1, depending on the a priori data except 
<i>Oj *&i such that 

(3.16) u(x,t)>co$i, fort>ti,x efl, 
where ti as in p.3gp . 

Proposition 3.4 (Lower bound for A). For every p > and for every xq G ftp, 
we have for i — 1,2, 

(3.17) / f XJ{x,t)dxdt>Cpr'^+^^o, 

Jti JEpixo) 

where Cp > is a constant depending on the a priori data and p only. 

To better deal with the Hausdorff distance, we introduce a variation of it 
that, though it is not a metric, we shah call modified distance (see also [21 E])- 

Definition 3.1. We call modified distance between ili and fl2 the number 

(3.18) (im(Oi, ri2) = max < sup dist(a;, $72), sup dist(a;,rii) 
Note that 

(3.19) dm{ni,n2)<dn{TiuTi2), 

but, in general, the reverse inequality does not hold. However we have the 
following result, [5] 

Proposition 3.5 (Proposition 3.6 [5]). Let Qi and fl2 be bounded domains 
satisfying (|2.2I) . There exist numbers do > 0, f E (0,ro], such that -"■ and — 
depend on E only and the following facts hold true. If 

(3.20) dn{ni,Tl2) < do, 

then there exists an absolute constant C > such that 

(3.21) dn{^i,'^2)<Cd^{Sl^,^2), 

and any connected component of fii n Q.2 has boundary of Lipschitz class with 
constants f, Li where f is as above and Li > depends on L only. 



Last tool we need for the proof of Theorem 12.31 is related with quantitative 
form of unique continuation property. 

Theorem 3.6 (two-sphere one-cylinder inequality at the boundary). Let A, A 
and R be positive numbers, with A G (0, 1] and to G M. Let L be a parabolic 
operator L — di{g^^ {x, t)dj) —dt, where {g'^ {x, t)}",^ is a real symmetric nxn 
matrix. For ^ G R", (x, t), {y, r) G R"^"'^, assume that 

n 



v*J = l 



1/2 

< 

R 



Y.{g''{x,t)-g^={y,T)f\ <^{\x-y\^ + \t-r\f'\ 



Let u e H'^-^{Q%^) he such that 



and 

g^i^{x,t),y,^Q, yix,t)er%^. 

There exist constants si G (0, 1) and C, C > 0, depending on A, A and L only 

such that for every r, < r < p < siR we have 

(3.22) 

R^^ / u^dxdt] I / u^{x,to)dx 

■JQr,^ J yJBr-nn 

where 9 = 



C log f 

Proof. The proof can be obtained along the hne of |22', Theorem 3.3.5] through 
shght modifications due to the different boundary condition we have on T^ 
(see also [TU] where a similar problem is studied). D 

An inequality similar to (j3.22p can be obtained for cylinder and spheres 
entirely contained in the domain ft. We refer the interested reader to [22l 
Theorem 3.3.3]. 



Proof of Theorem \2.3\. For the sake of brevity we denote d — (i^(0i,ri2) and 
dm = rfm(^i, ^2)- The proof follows the lines of the proof of [71 Theorem 4.1]. 
We shall sketch only the main items, using Propositions 13. 1[ 13. 2[ 13. 3[ 13.41 Let 
us prove that if 77 > is such that 

(3.23) / / ul{x,t)\j{x,t)dxdt <r], VtG[ti,T], 
Jti Jni\G 

then there exists a constant C, depending on the a priori data only, such that 

(3.24) dra < Ct^"", 

where K depends on the a priori data only. We may assume, without loss of 
generality, that there exists xq E Ii C dil,i such that 

dist(a;o,ri2) = ^m- 

We apply now the two-sphere one-cylinder inequality at the boundary [22l The- 
orem 3.3.5] with r = dm, P = c.'fo and R = tq, we integrate over the time interval 
[0,r] and we get 

(3.25) / / \l{x,t)dxdt < ^^(r^^ f \l{x,t)dxdt] 



X I / / \l{x,t)dxdt] , 



where 9 = 



Clog(f) 



. Recalling p.lSp and p.l7p , we get the following inequality 



(3.26) ^o<CA^-%\ where A ^ ul{x,t)dxdt. 

Jnix[o,T] 



Developing p.26p we arrive to 



Pi 



< 



^-Q)' 



which leads to 



(3.27) 



d,n < Ci-q 



,Co 



where Cq = | log<I>o/A| and Ci is a positive constant depending on the a priori 
data only. Let us consider now the HausdorfF distance d. With no loss of 
generality, we may assume there exists yo G f^i such that dist (2/01^2) = d. 
Denote hy 5 — dist(yo,5rJi). We distinguish three cases. 

i) 5< d/2. 
We take zg G dVti such that jyo ^ zo| —5 and we have 

d„i > dist(zo, 1^2) >d-6> (5/2, 



hence 5 < 2d,n, that is (j3.27p holds for d as well. 

ii) d/2<S< do/2. 
This implies d < do and by Proposition 13.51 we obtain (j3.27p for d. 

iii) 5 > max {d/2, do/2}. 
We observe that if do/2 < d/2 then (|3.27l) for d is trivial. On the other hand 
d/2 < do/2 implies S > d/2. Let us denote di = min {|, ^^}, where si G (0, 1) 
has been introduced in Theorem 13.61 and it depends on the a priori data only. 
We have Bd^ (yo) C rii\ri2 and i?siro/2(2/o) C r^i because S > max{d/2, do/2} > 
do/2 > siro/2. Applying again Theorem l3.6l with pi ~ di, p2 = siro/2, R = do, 
Ti = r/2, r = T/4 and proceeding as in (I3.25P and applying Proposition 13. 1[ 
321 we get the thesis (^77)) . 

Let us prove now (12. 9p . 

First we observe that, in general, the Hausdorff distances du{^\,^2) and 
d/f (90i,9ri2) are not equivalent. However, in our regularity assumptions, the 
following estimate 



(3.28) 



dn{^^x.^<^2)<^{£) 



can be derived from (|2.7D using the arguments contained in the proof of Propo- 
sition 3.6 in 2,. We consider a point P G 1\°^ a point Q G B2r,{e){P) n/2''' and 
t G (ii, T). With no loss of generality we may assume that P,Qg^i, hence we 
have that for any t G {ti,T), 



l72(Q,i)- 71(^,01 



< 



(3.29) 



ai' ui{F,t) 



1 



dui ,^ . 1 
oi' ui(Q,t) 



dv U2(Q,t) 



1 



dui 



10 



We can split the first term on the right hand side of (|3.29ll as follows 






dui ,^ , 1 



ui{Q,t) 



< 



dui ,^ , 1 dui ,^ , 1 

ov ui[P,t) ov ui(Q,tj 



From Remark 12.51 and Proposition 13.31 we can infer that 

1 



(3.30) 






<C\P~Q\. 



where C > is a constant depending on the a priori data only. Hence by p.28p 
we can infer that 



(3.31) 



1 






<v{e) 



up to a possible replacing of the constants C and /? in (I2.8p . 

Analogously we can split the second term on the right hand side of p.29p 
as follows 






dui ,^ , 1 



ui{Q,t) 



< 



dv u2{Q,t) dv U2(Q,t) 

9ui ,^ , 1 dui ,^ , 1 

dv U2{Q,t) dv ui(Q,t) 



From Remark 12.51 and Proposition 13.31 we can infer that 



ov U2(Q,t) dv ui{Q,t) 



< C 



dv dv 



C\u,iQ,t)~U2{Q,t)\ 



where C > is a constant depending on the a priori data only. Dealing as in 
Proposition 13. 15[ we have that for any t £ {ti,T) 



\\ui{-,t) -M2(-,i)||ci(/2'-o) <v{£)- 



Hence we have that 
(3.32) 



dv U2{Q,t) dv ui(Q,tj 



< vie)- 



Up to a possible replacing of the constants C and (3 in (|2.8p . Combining p.3ip 
and (J3.32I) we obtain that for any t G [ti^T] 

(3.33) |72(Q,i)-7i(^,i)l <'?(£)• 

Being such an estimate independent from P, Q and t the thesis (j2.9p follows. D 
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4 Proofs of Propositions [33], [331 ^M 133] 

We proceed with the proof of Proposition l3.1l For this purpose we recaU a result 
of [7], that will be used several times in the next proofs. 



Theorem 4.1 (Theorem 3.3.1 [7]). Let fl be a domain satisfying H2.2c\) . Let 

Pi e S 6e such that dQ n Br„iPi) C E. Let u e ij2.i(f7 x (0, T)) be a solution 

to 

ut^ An infix (0,T) 

m(x, 0) = 



satisfying 



||u||^3/2.3/4(Sx(0,T)) 



<Ce, 



9m 



<Ce, 



Hi/2,i/4(sx(0,T)) 

where C depends on T, rg. Then, for every to G [0, T], we /ia?;e 

where P2 = Pi ~ dr^v, v is the outer unit normal to fl at Pi, t, < t < 1, is 
an absolute constant, 9, < 9 < 1/2, depends on L only, C > 1 depends on L 
and r'^/T only. 

Proof of Provosition \3.1\ We prove the proposition for z = 1, as the other case 
i = 2 is analogous. In [T3] it is proved that there exists a function d{x), labeled 
regularized distance, d G C^(ili) n C^'^{fli) such that the following facts hold 

dist(a;,9»i) 

*)?i^ — jr\ — -^'' 

d{x) 
a) |Vd(x)| > ci for every x such that dist(a::, 9rii) < br^, 

Hi) lldllci.i < 22^0, 

where ^1 , C2 , ci , C2 , 6 are positive constants depending on L only (see also [21 
Lemma 5.2]). For r > we define 

^i,r = {x E Qi : d{x) > r}. 

By [21 Lemma 5.3], there exists a constant a, depending on L only, such that 
for every r, < r < aro, fli.r is connected with boundary of class C^ and the 
following facts hold 



(4.34) 
(4.35) 

(4.36) 



^ir < dist(a;,9rii) < S,2r, Va; G (?r2i,r, 



dfli,r 



< 6Mrr V, 



n-l 



<^4Mrr^ 



Also, for every x G dfli^r, there exists i/ G dili such that 



(4.37) 



I2/ - a;| = dist(x, Sf^i), |:/(a;) - i^(y)| < ^5 



ro 
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where I'ix), v{y) denote the outer unit normal to J7i ,. at x and to Vii at y 
respectively. Here ^j, j = 1, . . . , 5, are constants depending on L only. 

Since £,2f'Q6 < j^, let us define 9 = min{a, igfr+io^TT- } and Sjame — {x (z 
f7i : dist(x,I]) == £,21-06} = {x e 1^2 : dist(x,I]) = £,2roe}. 

Let Vr be the connected component of fli^r(^^2,r whose closure contains 'S^^rod- 
We have 



(4.38) 
(4.39) 



ni\Gcz [(f^i \ fii,^) \ G] u [i^i^AK-] 
d{ni^r\Vr)^rur^r2^r, 



where Fi.,. is the part of the boundary contained in dfli^r and T2^r is contained 
in dn2,r n dVr- We denote w^ = f^i,r- \ V;. For ii < i < T, by KM 



(4.40) 



u^(a;,i)A^(x, t)(ia; 



< 



Oi\G 



u1{x,t)Xf{x,t)dx + / u^(a;,i)A^(a;,i)(ia;. 

(ni\Oi,,.)\G JOi,r\i/r 



Since M?(a;,i)A?(x, t) = (wi(a;,i) - Ul(x,i))^ by (jSTSTj) . ((5:85)) . (|435)) . there 
exists a constant C depending on the a priori data only such that, for ti <t <T, 

(4.41) ( ul{x,t)\l{x,t)dx<Cr. 

J(ni\Oi,r)\G 



Let us evaluate J^ s^y ul{x,t)Xl{x,t)dx. Recalling that Ai solves p.l2p . we 
get 



(4.42) 



ds ufXitXidx = ds Ui~^ — Alder— / ds / Ui|VAi| dx, 

where v is the outer normal to uir- We have, integrating by parts the left hand 
side and since \i[x,ti) = 0, 

(4.43) I [ ds f ulXuXidx^^ ^ -^^^l* -^-^ f ^^ f \2„ 



2^ 



UiXi |t^ dx — ds XiUiUit 



ti 



Ui{x , t) Xi{x , t)dx 



ds / XiUiUit- 



Therefore plugging (|4.42p into (I4.43p . we have 



ul{x,t)Xl{x,t)dx+ ds ul\VXi[^dx 

Jtl J LOr 

* ' 25Ai 

Ui—— Alder. 



ds XiUiUit + ds 
By Proposition [Xl ([23dl) . (^3)1 . ((XT^ . we get 

Ci / Xi{x,t)da < ds XluiUit + / ds 

(4.44) < C2( r ds f Xjda + T max f ^^i^^'^) 

\J ti J UJr ^ — — "^9 



2^^1 \ J 

Ui — — Aida; 
ov 
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for ti < t < T, where Ci,C2 depend on a priori data only. Denoting by i, 
t £ [ti,t\, where the maximum is achieved, by Gronwah inequahty, we obtain 



(4.45) 



Xl{x,t)dx < C 



dXi{x,t) 



dv 



da, VtG[ti,r], 



where C is a constant depending on the a priori data and on ii. RecaUing that 
diiJr C Ti^r U T2,r wc distinguish two situations: either x G Fi^^ or x € T2^r- 
Let X e Ti^r- By (|434l) dist(a;,(9f^i) < ^2r. On the other hand dist(x, E) > ^2?" 
(see [22j Proposition 3.1]). Hence there exists y G dfli \ S such that \y — x\ — 

dX 
dist(a;,af7i) < (,2r. Since — ^ = on /i x [h^T], by (IXHll . (HTMl) . (H3711 



at 



(4.46) 

that imphes 

(4.47) 



(9Ai(a;, i) 



9;/ 



9Ai(a;,i) 



r 



at^ 



d(7<Crr"~^ 



where C is a constant depending on the a priori data only. Let us consider now 
X G r2,r- As before there exists y G dili \ S such that |j/ — a;| = dist(a;,9ri2) < 

dX 
^2r- Since — — = on /2 x [ti,r], we have that 



dXi{x,t) 



di 



< I V Ai (x, t) - VA2 (x, t) I + I VAa (x, t) - VA2 (y , t) I 



Thus we get 

(4.48) 



dXi{x,t) 



dv 



da<Cr^-^r 



\\'Xi{x,t) - VA2(x,t)|dcr, 



where C is a constant depending on the a priori data only. 

Let us consider the integral on the right hand side of (J4.48I) . First observe 
that 

(4.49) VAi - VA2 



1 



(miU2)' 



r{uiU2(Vui — VW2) — uiu^CVui — VU2) 



+M2VM2 (Ui — U2) - M2^U2 {Ul — U2) + (^2 - u\){u2^U2 " 112^ U2)} ■ 



Now labeling w — ui — U2 and w = ui — 112 and taking into account (|4.48p and 
(1133, we get 



dXi{x,t) 



dv 



da 



< Cr: 



,n-l 



h ro max |Vw(x, t)\ + tq max I Vw(x, t)\ 



+ max \w{x, t) + max \w{x, t) 
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where C is a constant depending on the a priori data only. To evaluate maxi- 
mum of w, li and their gradients we can proceed as [3 Proposition 5.3]. Let us 
briefly sketch the main items of this proof for the Vw, for instance. Suppose 

max |Vu'(a;,i)| = |Vw(^,t)| = ll^''"('i^)ll roo^n /-w with x £ Vr- By inter- 

X&Vr 

polation inequality (see A2 page 553 with a = 1/2]), (I2.3dp and (|2.5p . we 
have 



(4.50) ||Vz.(-J)|L.(^^(,) < -^^^ [I w\x^t)dx\ ' " , 
where C depends on E. Now, in order to apply [71 Theorem 3.3.1], we estimate 

||w||^3/2,i/2(sx(ti,T)) = Ikl - "2||//3/2.i/2(sx(ti,T)) iu tcrmS of 1 1 Ml - M2|lL2(sx(ti,T)) 

and of the a priori data. The functions z«, Wt, wtt satisfy the problem 

.zt-Az = 0, inGx(0,T), 
z = 0, on G X {0}, 

f = 0, onAx(0,T). 

Hence, recalling that A''" = {x £ A : dist(a;, /) > rp} and denoting W°l^ — 
{x e G : dist(a;, A''") < ?-o/8}, we may apply the local bound estimates [IB] 
obtaining, 

(4.51) ll'"^t|li«>(iY'-o/8x(0,T)) - ^ ll3ll_ffl/2,l/4(ylx(0,T)) - '^ HS II CLi (^x (0,T)) ' 

(4.52) l|w'tt|lLoo(;^T-o/8x(o,T)) ^ C'||g||^i/2,i/4(^x(0,T)) ^ C'll5'llci'i(ylx(0,T)) > 

where G depends on r\T~^ , L. We may also think to w{-, t), for a fixed i e (0, T), 
as the solution of the elliptic problem 

{Aw{x,t) — wt{x,t) in G, 
^ix,t) = 0, on A, 

and, similarly, we may think to wti-jt) as the solution of the elliptic problem 
I Awtix,t) = wttix,t) in G, 
j *a(:z:,i)=0, on A 

By LP regularity estimates (see [H]), by (I4.5ip . (|4.52D . by trace inequalities and 
by the immersion of Wp in H'^~^Ip for p > 2, we have 

sup (||?«(-,i)||ff2-i/p(s) + ||wt(-,i)||^2-i/p(s)) < C'llsllci-iMxfo.T))' 

for any p > 2, where C depends on i, r^/T only. Therefore 

(4-53) II^IIh°^°/2(sx(o,t)) - '^ll5llci'i(Ax(o,T)) ' 

with a = 2 — 1/p > 3/2, where G depends on L, r^/T only. By interpolation 
we have 

(4.54) l|w|l_f/3/2,3/4(5^x(0,T)) - ^ ll^llff°'°/2(Sx(0,T)) II^IIl2(Sx(0,T)) ' 
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where 9 is given by (1 - e)a = 3/2 (see [S]). By (ICTB . (I07)) . (H351) . (H3I1) . 
choosing p = 4 wc have 

(4.55) lklli/3/2,3/4(sx(o,T)) <C'£^^^, 

where C depends on L, Tq/T, E only. Let Pi e S be such that d9.r\Bra{Pi) C S. 
By Theorem [47T] and (|4.55p . we get 

(4.56) \H-ML^^B,,.^^(P.))<Ce'/\ 

where P2, ^, ^ are as in the above theorem, C > 1 depends on L,rQ/T,ti,E 
only and t is the point in (J4.45I) . Now, let a be an arc in Vr joining x with P2 
(since 9ro > r, the point P2 € V,-). Let us define {xi}, i — 1,2, ...,s, as follows: 
xi — P2, Xi+i = a{r]i), where rji — max{?7 : \a{r]) — Xi\ = 29r} if la;^ — a;| > 29r, 
otherwise i = s and stop the process. By construction, the balls Bg^{xi) are 
pairwise disjoint, \xi^i ~ Xi\ ~ 29r, for i — 1,2, ..., s ~ 1, \xs —x\< 29r. Notice 
that s < -^ , where C depends on M only. By an iterated application of the two- 
spheres one-cylinder inequality over the chain of balls Br^{xi), for ri — —^-=r, 
by (ESI, dUni), dUSI), g3a . g^n . we get, for ti<t<T, 

r / 4T1-H10 _s-fi \ 

(4.57) / ui{x, t)\\{x, t)dx < Cr" ( - + f — ) '"+' e^^^ ) , 

where C depends on rQ{T — ti)~^,L,E. With a suitable choice of r = r{e), by 
standard arguments we get the thesis. D 



Proof of Proposition \3.SX By the use of the divergence theorem over the Lips- 
chitz domains J^i and G and the same arguments based on the application of 
the Gronwall inequality developed in Proposition 13. 1[ we have that 



(4.58) / _Xi{x,tydx<C _ \d^Xi{x,t)\dcr. 

Jni\G Jd{ni\G) 

where C > is a constant depending on the a priori data only. Moreover we 

observe that d{Qi \G)C {8^1 \A)U (8^2 r]dG\uf). 

Since di,Xi = on dfli \ A and since 8,^X2 = on dil2 \ A we found that 

Xi{x,t)^dx < G r;o \di,Xi{x,t) — d,^X2ix,t)\dx < 

r2i\G J{dn2ndG)\u/ 

< CirJ+imax|VAi(2:,t)- VA2(a;,f)|, 

oG 

where Ci is a constant depending on the a-priori data only. By the same argu- 
ment of Proposition 13.11 and using the same notations we get 

/ Ai(a;,i) dx < Corn max liyl -I- max I wl -I- rn max I Viul + rn max I Viy 

Jq^\G ^ \ dG dG dG dG 

where G2 is a constant depending on the a priori data only. 

In order to control the maximum of w, w and their gradients we argue as in 
Proposition 5.4 of [7]. We carry out our analysis for the term Vw, the other 
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cases being analogous. Let Pi G A be such that dU n Brg{Pi) C A and let 
P2 = Pi — drQiy with < 9 < j and where v denotes the outer unit normal to 
ill at Pi. Now by Theorem 14. II arguing as in (|4.56p . we may infer 

(4.59) \\w{-MLHBs^^iP,))<Ce\ 

where C>0,0<7<1 are constants depending on the a-priori data and on 9 
only. 

Given z e M",C e K", |C| = 1, 6* > 0, r > 0, we shah denote by 

(4.60) C(z,^,9,r)^{xeW : ^"^ ~ ^ V > cos(9), \x - z\ < r} 

\x — z\ 

the intersection of the ball Br{z) and the open cone having vertex z, axis in the 
direction ^ and width 29. Since dG is of Lipschitz class with constant ro,£ for 
any z G dG there exists ^ G M", |^| — 1, such that G{z,^,9,ro) C G, where 
9 = arctan ^ ■ 

Let {x,t) £ dG be such that \Vw{x,t)\ — ||Vit;(-, t)||L°°(aG)- Now dealing as 
in Proposition 5.4. [7], we combine the inequality (j4.59p with an iterated use 
of the two-sphere and one-cylinder inequality (Theorem 13. 6p within the cone 
C{x, ^, 9, ro) obtaining the following estimate 



T2 



l_fHr)-l 

-fc(r)-l 



(4.61) |l^„(.,i)|l2 <ci + -^ £ft^ 



with 



li^(B.,<.,(..M))^-i^^^^^ 



po=aisin6', pk = XPk-i, di = ai{l-sml 



^''^' <fc(r)-l<^^ + l, 



llogxl llogxl 

where 0<f< l,0</3i < l,0<x< l,ai >0 are positive constants depending 
on the a-priori data only and where x^m is a point lying on the axis ^ of the 
cone C{x,^,9,ro) at a distance x'^''^^^^ ' di + Pk{r) from x with < r < di. By 
the interpolation inequality (14.501) stated in Proposition 13.11 and the definition 
of Pk{r) we have that (I4.6ip leads to 

(4.62) ||V«;(,i)IU^(B.,,^,(.,,)) < ^/3(i-.M),...-'-)-^ 

where G > 0,0 < ^2 < 1,0< (3^ < 1 are constants depending on the a-priori 
data only. We consider the point Xr — x + rS^. We have that Xr G Bp^,. {xk(r))- 
From (|4.62p and from the C^'" regularity of w we have that 

(4.63) \Vw{x,t)\ < ^ ("("iiy +/3(i-feW)£&^'=<'-'-^^ , 

where C > depends on the a-priori data only. Minimizing with respect to r 
we obtain the desired estimate. D 
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Let us consider now the proofs of Propositions [331 and [331 For this purpose 
we need a Harnack inequality, its version at the boundary and a technical lemma 
(see Lemma [4.31 below) . 

The first tool can be found in [THj. We state a Harnack inequality at the 
boundary, postponing its proof to the next Section [5] Let us remark here that 
the thesis holds true weakening the regularity assumptions on the boundary 
(C"'^ instead of C^'"), on 7 and considering operators of more general form such 
as div(a(x, t)Vu) — ut, where a is bounded and satisfies a uniformly ellipticity 
condition. 

Proposition 4.2 (Harnack inequality at the boundary). Let H. be a bounded 
domain with C^" boundary with constants rQ,L. Let 7 satisfying (j2.4p be such 
that there exists a positive constant 7 such that 7 < 7. Let us denote by Ti , T2 
two numbers in the time interval [0,r]. Let u £ C^"{Vl x [0,T]) be a positive 
solution to 

f Ut- Am = mVlx [Ti,T2] 

I i^+7« = onrx[Ti,T2], 
where T is an open portion compactly contained in dQ. Assume Ti < ti < t2 < 
ts < ti < T2. Then for p < pQ there exists a positive constant C depending on 
po, P,ti,t2,t3,t4 such that 

(4.64) sup u <C' inf u. 

(BpnO)x[ti,t2] (SpnO)x[t3,t4] 

In order to state next result, let us introduce the following notation. We 
shall denote by bo, bi two positive constants such that 

bo<uix,t) <bi W {x,t) en X [ti,T], 

(by (|3.16p we can take bo = co$i, whereas the existence of 5i is guaranteed by 



(fOdl) and (123)1 

Lemma 4.3. Let the hypothesis of Theorem \2.3\ be satisfied. We have that 

\'^{x,t)dx + bl / / \V\{x,t)\'^dxdt 
Q Jti Jn 

(4.65) < Cobl{l + e^>o") f f \u\x,T)d^X{x,T)\^dadT, \fte[ti,T] 

Jti Jdn 

where Co > is a constant depending on the a-priori data only. 

Proof. For a sake of brevity, we shall denote along the proof h = u^d^X. By the 
weak formulation of problem p. 121) we obtain that 

ft f ft 



2 Jti Ja 



rdxdr + / / u^lVApdxdr 
Jti Jn 



(4.66) =11 hXdadr. 

Jti Jdn 

By the Holder inequality, we get 
1 



X^dx+ I I u^WX\'^dxdT 



(4.67) < f / / h^dadr] ( f f X^dadr] 



dn / \Jti Jdn 
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We recall the following trace inequality (see |15) ) 

(4.68)||A(.,i)||L^(ao)<c(r-i/2||A(.,t)|U.(o)+ry2||VA(.,t)|U.(o) 

where C > is a constant depending on tq and L only. Raising to the square 
the latter and integrating over the interval [ii,i] we have that 

/ / X^dadr < C (r^^ [ f X^dxdr + ro f f \V\fdxdT] . 
Jti Jan \ Jti Jn Jti Jn J 

Plugging the above estimate in the right hand side of (|4.67p and using the Young 
inequality we get 

i f X^dx + bl f f \\/X\^dxdT 
2 Jn Jti Jn 

< ^f [ h'^dadT + 6ro^ [ [x^dxdr + sf [ \\7X\^dxdT, \fte[ti,T] 
" Jti Jon Jti Jn Jti Jn 

Choosing S — ^b^ we obtain that 

(4.69) / X^dx 

Jn 

< Crobl f I h^dadr + blr-^ f fx^dxdr, Vte[ti,T]. 
Jti Jan Jti Jn 

Moreover, by the Gronwall inequality we infer that 



ft 

v2j^ ^ r<„_u'^„bitr. 



(4.70) / A'dx < Cro^ae"""''' / / h^dadr. 
Jn Jti Jan 

Finally, integrating (j4.70|) over the interval [ti,t] and combining the obtained 
inequality with (14. 69^ we get the desired estimate (|4.65p . D 

Proof of Provosition \3.A Let {xo,to) £ Q x [ti,T] be such that 

u{xQ,to) — inin u{x,t). 

{x,t)enxlti,T] 

By maximum principle (a;o,io) e (l x [ti,T]) U (A x [ti,T]) U {Q x {ti}). Let 
us consider separately the three pieces of the boundary. 

i) (xo,to)eix[ti,T]. Being 5^m(-, to) G C"(90) and 9^'u(-, to) = g(-,io) on 
A, we have that di,u(-, to) > on j4, that contradicts Hopf maximum principle. 
Thus we can conclude that (a;o,to) doesn't belong to ^ x [ti,T]. 

ii) (xojto) G / X [ti,T]. First we fix yo € A and yi = yo — ^^(z/o)- Without 
loss of generality, assume to > ti. We divide the interval [ °"^*'- , to] into N 
subintervals [ti,ti+i], i ~ 1,...,N, where tjv = *Ji±*i and to = to. We shall 
quantify N later on. By Harnack inequality at the boundary (Proposition! 
we have 

(4.71) inf u{x,to) > C sup u{x,ii), 
Bp(xo)nn Bp{xo)nn 
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where p is such that p < Atq. There exists xi G Bp{xo)rin such that Bp/g{xi) C 
Bp{xQ)nn. Thus 

sup u{x,ii) > sup u{x,ii). 

Bp(xo)nn Bp/s(a:i) 

We denote be cr a continuous path joining yi and xi and define Xi, i — 1, . . . , N^ 
as follows a;i+i = cr{si), where Si = maxjs : \a{s) — Xi\ = p/S} if \yi —Xi\> p/8, 
otherwise i = N and stop the process. Trivially 

sup u{x,ti) > inf u{x,ti). 

By Harnack inequality in the interior [TSJ we have 

inf u{x,ti) >C sup u{x,t2). 

B3p/iixi) B3p/4(2;i) 



Then 



Summarizing we get 



sup u{x,t2) > sup u{x,t2). 

Bap/ii^i) Bp/s{x2) 



(4.72) 



sup u{x,ti) > C sup u{x,t2), 

Bp/sixi) Bp/g(x2) 



where C depends on ioj^i- 

Iterating this process along a chain of balls {Bp/^{xi)}f^i^ ^^ obtain the 
estimate 

(4.73) sup u{x,ii)>C^ sup u(x,ijv) > C^u(2/i,ijv)- 

Bp/sixi) Bp/fi{xN) 



By Taylor formula, recalling that u > and by (12. 5L ( |2.3gP , we have that 



uIjjiJn) > 5(yojAf)g -C'ro"||g||co,o(^x[o,T]) (gj 



l+ct 






Now choosing p = min \ 4ro, Srg (2^) fi "^^ g^t the thesis, 
iii) {xo,to) E il X {ti}. This case can be treated similarly as ii). 



n 



Proof of Proposition \S.4\ In the sequel we shall maintain the notation h 
u^diyX. After straightforward computation we observe that 

9 9 

from this identity and by (J2.5I) we get 



(4.74) 



9 



1 



< 



1 



L2(Ax[ti,T]) 



Cobi 



\mL^(Ax[ti,T]) + WMlL^idnxltu 
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where Cq has been introduced in (I2.5p . Now, by integrating the trace estimate 
(I4.68P over the time interval [ti, T] and by (|4.65|) we get 






ti Jdn 



(4.75)< CCoil + e''>«''){l + blr^^t) [ [h^dadr. 

Jti J A 



At this stage we use the above inequahty to control the right hand side of (|4.74p 
obtaining the following 



(4.76) 



L2(Ax[ti,T]) 



< C'l||^llL2(^x[ti,T]), 



where Ci = f ^ + [CCo(l + e''o'-o '^)(1 + 62ro-2T)]5 j. Recalling that for ev- 
ery c G M we have 

9 



> 



LHAxltuT]) 



from (|4.76p we infer that 



9__ I 

9 \9Jax[o,t] 



9 \9Jax[o,t] 



>*o, 



L^{Ax[Q,T]) 



< Cl||/l||i2(^x[ti,T])- 



L^{Ax[0,T]) 

At this point we claim that for any p > and for any xq G ^p it holds 

C '•^ 



\h\\ 



< 



'O Jti JBp(xo) 



A dxdr, 



where C > is a constant depending on the a-priori data and on p only. Our 
claim, now, follows by standard arguments based on Theorem 13.61 and the cor- 
responding version in the interior (see j22' Proposition 4.1.3]). D 



5 Proof of Proposition 14.21 (Harnack Inequality 
at the Boundary) 



The proof of Proposition l4.2l can be obtained as in [18], where the result relies on 
two Lemmas labeled as Lemma 1 and Lemma 2. For the sake of completeness, we 
state and sketch the proof of them in the present situation in the two following 
lemmas. For r > 0, we shall denote by S{r) the cylinder \t\ < r^, |a;| < r, by 
S~{r) the cylinder < —t < r"^ , \x\ < r and by S~^{r) the cylinder < t < r^, 
\x\ < r. We denote also B+ = Br n {x„ > 0}. 

Lemma 5.1. Let u(x,t) > be a solution of the problem 

(5.77) 

f div{a{x)yu{x,t)) = Ut{x,t), x G B^ , \t\ <t,t>l, 

I a{x)'Vu{x, t) ■ ^{x) + 7o(x, t) u{x, t) — 0, for \x\ < 2, x„ = 0, |i| < t, 
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where 
(5.78) 



A|Cl'<fT(x)^e<A|C|^ 



for every x e _B^, ^ e M" and [70(2;, i)| < 70- Let ^ < p < r < I and fi = A+j. 
Then there exists a constant C4 — C4(n,7g) smc/i i/iaf 



supw 

Sip) 



p < 



Ci 



- /i>+2 



sup M' 



P < 



[r - p) 



u^dxclt, for every < p < p , 



Sir) 



\n+2 



uPdxdt, for every — p < p < 0. 



S-(p) (r- p)-- JJs-ir) 

Proof. Let $(a;,i) be a test function such that 

*e 6-1(^(1)), 

$ = 0, for {x,t) edBi X [-1,1]. 

By (J5.77L integrating over Bj*" x (ti,t2), ^1,^2 G (—1, 1), and taking into account 
the Robin condition, we get 

/ Ut'P+ / ctVu- V$ 

/ aVuv'^^-j I 7o(a;,t)M$, 
ti Js+ Jti Jl(l) 



where /(I) = {(.x £ M" : a; 
Then we obtain. 



= (a;',0), |a;| < 1}. Let us set w = -uS , <J> = uP ^V^- 



t, Jb^ P 



-VVtlp 



t, Jb+ P 



4(P-1) ^ ^ ,2 
^ aVv ■ Vvip 



H Jb+P 



-vijxj'Vv ■ Vt/i 



2„;.2 



7ow V 



tl "'/(I) 



Multiplying for | and adding to both sides the term /^ ^ /g+ |(-t-'0^)v^7 we get 



(5.79) 



tl "'S + 

t2 



^|(.V) + (i-i) "" 



tl JB 



w?/;crVw • Vf/' H — 



P Jt, Jb+ 

1 /•*2 



crVw • \7vip 



IpTptV 



2 P 



tl JBt 4 



2 ;2 



tl ^/(i) 



The term /^ ^ //(d To^^V'^ can be estimated by trace theorem (J^ Th. 5.22]) 
and Poincare inequality, that is 



(5.80) 



2„;,2 



lav 1p 



tl JI{1) 



'tl JB+ 
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where C is an absolute constant. Then, by spreading the gradient of the right 
hand side of (|5.80l) and by applying the inequality 2ab < a^ + b^, we get 



(5.81) 



2„/,2 



7ou tfj 



< e 



ti Ji(i) 

t2 



\p\ '■*' 



t, Jb 



V(v>^) 



u JB+ £ 16 Jt^ Jb+ 



ti JB 



\v^aVv ■ V^l < —v'^Vtp ■ aVip + e-^^Vu • ctVu, 



We first consider the case (l - ^) > 0. By ([ETg]) . ^1^, ([OT]) and by 

(5.82) 

we obtain, taking e — jt-]-|(1 ^ -), 

(5.83) 



4 Jti 7b+ dt 2 p Jt^ Jb+ 



^ 1(A + 1)A p 
- 2 



A P-'^ Jti Jb+ 

,3 \ i-t 



w'lvv-l' ■ ^ 



2 7., 



u^ IV'V'tl 



+C(A,7o) 



p" 



p-1 



bl 



*i JB 



^2(^2^1^!). 



In the case (1 - i) < 0, we muhiply ((5J9| by -1. By ((5J8| . (jSlSTj) . ([SlSS]) . 
choosing £ = XTri-5(- — 1), we obtain 

(5.84) -iT/ |(-V) + ^(--l)r/ IV.rV' 



2.;,2 



< 



1 (A + 1)A p 

2 A 1-p4 jb 

+C(A,7o)fT^ + b' 



f^lvv-l' ■ "^ 



2 7., 



v^ IV'V't 



ti JB 



i;^(v' + ivvr). 



Inequalities (|5.83p . (I5.84p are analogous to the one in [TSl page 737], with the 
addition of the term C( A, 7o)(p^ Y^^ + bl) /t ^ /b+ ^^(V'^ + IVV"! )• Proceeding 
in the same way, we get the thesis. D 

Lemma 5.2. Let the hypothesis of Lemma \5.1\ he fulfilled. Then there exist 
constants a, C5 such that 

\{ix,t) eS+{l) -AoguK -s + a}\ + \{{x,t)eS-{l) ■.\ogu> s + a}\ < — , 

s 

for every s > 0, where C5 depends on A, A,n,7Q, and a depends on u. 



23 



Proof. We consider the function v = — log u that solves the problem 
vt - div(crVu) = -Vw • trV-y, a; e i?^, |i| < 1, 



(5-85) , _ I I o n Ul 1 

^ ' ' crVw • I' = 70, |a;| < 2,x„ = 0, |t| < 1. 



Let tp [x) be a test function independent on t and such that ^j{x) > 0, V'ls;) = 



for |a;| = 2, a;„ > 0. By (|5.85p . we get, adding the null term v^ti/j"^, 



— (u-0^) + 2 / / aVv-Vipii 
ti Jb^ d,t J^^ Jg+ 

(5.86) - / ( tV-^ + / / ctVw • Vw?/'^ = 0, 

Jii Jl{2) Jti Jb+ 

where ti,t2 G (—1, 1). By Schwarz inequality, since 

rt2 /• -1 t't2 /• t't2 /• 

and by dSTTSD, (EHU), we get 

/■ \ /■*2 /■ /■t2 /■ /■t2 r 

/ ^^'\u+t: / \yv\^4,^<2 / ay^-V^P+ / 7oV^ 

Again by trace theorem ([1] Th. 5.22]) and Poincare inequality we finally obtain 

B+ ^ Jti Jb+ Jti Jb + 

(5.87) +270 / ' / IV^Vi^l < C(7o, A) / ' / (tA' + |V^|'). 

Jti Jb+ Jti Jb} 

Inequality (|5.87p is analogous to the inequality in [Tf , page 121, with the ad- 
dition of the term C{jq, A) J^ ^ /g+ (-0^ + | V-^l ). Proceeding in the same way, 
we get the thesis. D 

Let P G F. Owing to the boundary regularity of fl, there exists a rigid trans- 
formation of coordinates such that P = and 

n n Br„ = {x e R" : Xn > ip{x')}, 

where ip £ C^'°'{B'j.^^) satisfies 

^(0) = |V^(0)|=0, IMci.^iB' )<Lro. 

Defining the map ^ on 5^2 ^-s 

^(y) = (?/', (^(2/') +y„), 

we have that vjf g C^'"(Pr2) and there exist Ci, 61,62, positive constants, < 
6i < 1, i ^ 1, 2, depending on L only such that for r^ — 6irQ, i = 1,2, 

*(B,JcP.,, 

*(y',0) = (y',(^(y')), for every y' e B'^^ C R"-i, 

^(B+jcrjnB,,, 

^ I2/ - ^1 < |*(2/) - *(^)| < Ci |y - z| , V y, z e i?;^, 
detD* = 1. 
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Denoting by 



u(y, t) = ui-^{y),t), i{y, t) = 7(*(y), t), 



we have 



\aiy)^CT{z)\<^\y-z\, \fy,zeBX, 
Po 

where C2, C3 depend on L. Moreover u{y,t) satisfies the problem 
(5.88) 
r diY{a{y)\/ii{y,t))=ut{y,t), B+ x (Ti,r2), 

\ a(y', 0)V7i((y', 0), i) • i^{y', 0) + fCfe', 0), i)u((2/', 0), i) = 0, |y'| < P2. t e (Ti, T2), 

where v{y' ,Qi) = (0, 0, ..., — 1). By a standard scahng argument and applying 
Lemma 15.11 and 15.21 we obtain Proposition [ 
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